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Die Shape Optimal Design in 
Bimetal Extrusion by the Finite 
Element Method 
A new approach to die shape optimal design in bimetal extrusion of rods is presented. 
In this approach, the design problem is formulated as a constrained optimization 
problem incorporated with the finite element model, and optimization of the die shape 
is conducted on the basis of the design sensitivities. The approach is applied to the 
determination of the optimal die shapes for several combinations of the core and 
sleeve materials. 
Introduction 
Bimetals are materials composed of two separate metallic 
components which are usually intimately bonded at the inter-
face. The usefulness of bimetal rod, wire, plate or strip stems 
from the possibility of combination of properties of dissimilar 
metals. An example is the superconductor core with copper 
sleeve which can exert superconductivity at cryogenic tempera-
tures with assurance against failure when a local temporary rise 
in resistance or temperature occurs. Apparently, the number of 
favorable combinations for practical use is unlimited. However, 
manufacturing difficulties may result in some restrictions on 
obtaining desired bimetallic products. 
There have been many experimental and analytical investiga-
tions regarding the production of bimetal rods in the past. Some 
examples are found in the references [1 -8 ] , where the main 
objective was to achieve sound metal flow without fracture of 
the harder material. Among these works, attention must be paid 
on an upper bound-based criterion for core fracture developed 
by Avitzur et al. [3, 4 ] . According to the criterion, the process 
variables seriously affecting core fracture include die semicone 
angle, volume fraction of the core, the ratio of the flow stress 
of the core to the flow stress of the sleeve, friction factor, and 
the reduction in area. Among these variables, a process designer 
is expected to work with the die shape in most cases, and 
perhaps additionally with the reduction in area at each pass if 
a multi-pass operation is considered, since the rest of the vari-
ables may often serve as the constraints imposed by the custom-
ers' and manufacturers' need. Consequently, die shape optimi-
zation is one of the most important aspects in process design 
in bimetal extrusion. 
An important application of finite element simulation of metal 
flow occurring in extrusion is to predict the die shape necessary 
for obtaining a sound product. A series of finite element simula-
tion may be conducted by trial and error until a satisfactory 
design emerges. However, a scientific optimization technique 
can be incorporated with the existing finite element simulation 
technique to produce a better methodology for the die shape 
design. An example is found in the reference [9] . Recently, a 
new approach to optimal process design in metal forming was 
presented [10]. An important feature of this approach lies in 
its efficiency in evaluating the design sensitivities such as the 
derivatives of the objective function with respect to the design 
variables. A penalty rigid-viscoplastic finite element method 
was employed as a tool for performing basic calculations neces-
sary for optimization. The approach has been applied to die 
shape optimal design in extrusion of rods [11] and in extrusion 
of elliptical and rectangular bars [12]. When the objective func-
tion is the forming energy, an approach proposed in the refer-
ence [13] may also be taken. In this approach, the forming 
energy is expressed in terms of the design variables describing 
the die profile as well as the nodal velocities, which is then 
globally minimized to determine the optimal die shape. 
In this paper, the finite element-based approach for optimiz-
ing the die shape for extrusion [11] is extended so as to be 
capable of dealing with the bimetallic materials. A penalty rigid-
viscoplastic finite element method is reviewed. Then, a mathe-
matical formulation of the optimal design problem in bimetal 
extrusion is presented, together with the design model selected 
for this investigation. The procedure for the evaluation of the 
design sensitivities as well as the optimization procedure are 
also described. The approach is applied to extrusion of the 
preforms with several combinations of the core and sleeve mate-
rials. 
Penalty Rigid-Viscoplastic Finite Element Method 
Consider a deforming body, £2, with the traction fy prescribed 
on a part Th. of the surfaceT and the velocity w, = ut prescribed 
on a part r„ (. Let Tc be the remainder of the surface and assume 
that Tc represents the tool-workpiece interface. The boundary 
value problem associated with the metal forming process can 
be given as follows: 










(where the flow stress a of the metal deforming at elevated 
temperatures can be represented by: 
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a = c(e, T)Tm^T)) 
Incompressibility condition: 
u,j = 0 
Boundary conditions: 
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w, = Ui on r„. (7) 
on = -£(u„ - «"„) on rc (8) 
for Coulomb friction 
a, = -na„g(u,) on Tc (9) 
for constant shear friction 
a, = m'kg(u,) on Tc (10) 
where subscripts t and n denote the tangential and the normal 
components, respectively. They are defined by a right handed 
system with the outward normal direction taken to be positive. 
The term Un in Eq. (8) denotes the normal component of the 
tool or die velocity, and £ is a very large positive constant called 
the penalty constant. 
The function g in Eqs. (9) and (10) should be selected such 
that the shear stress is capable of dealing with both static and 
sliding frictions. Following Chen and Kobayashi [14], we will 
use: 
g(u,) = tan" 
7T 
("< - «<) 
( I D 
where w, is the tangential component of the tool velocity, and 
a is a very small positive constant. 
A weak form dual to the above boundary value problem is 
now given. Among all the velocity fields«, satisfying the veloc-
ity prescribed boundary conditions on rB/ and all the pressure 
field p, the terms u, andp, which satisfy for arbitrary functions 
Wi (that vanish on r„.) and an arbitrary function q, may be 
found: 
I ajjUjjjdQ — I puiijdfl — I fiajtdfl — I uuqdCl 
Jn Jn Jn Ja 
- X I hiUi/dr - I - f(w„ - Un)ujndT 
, >>r, Jr.. 
-L n£(un - un)g{u,)u,dT = 0 (12) 
where wl7 = J(WJJ + UJJ ) and u>'v = u),j — (wkk/3)6ij. In the finite 
element discretization procedure, JC, ,uitp, «, and q are approxi-
mated by: 
x, = N,LXL 
«i = NU.VL 
P — "M'M 
NILWL 







where NiL and HM are proper finite element basis functions, and 
XL, VL, PM, WL and QM are nodal or elemental constants associ-
ated with the basis functions. Then, under isothermal conditions, 
a set of non-linear algebraic finite element equations is obtained 
as follows: 
h(V, P , X, C) = 0 (18) 
where the components of the vectors V, P , and X are VL, PM, 
and XL, respectively. The vector C represents process conditions 
such as tool velocity, friction condition and operating tempera-
ture. 
In the finite element analysis, Eq. (18) is solved for VL and 
PM under given geometry X and process conditions C, either by 
the direct iteration scheme or by the Newton-Raphson method. 
Basic Formulation for Die Shape Optimal Design in 
Bimetal Extrusion 
The variables V and P in the finite element Eq. (18) may be 
called the state variables s, considering that the state of metal 
flow is represented by them. The other variables X and C may 
be called the design variables d, since they are chosen by the 
designer for the description of the process geometry and process 
conditions. Observing that the state and design variables com-
pletely describe the behavior of a steady state forming process 
as well as the process itself, the problem of optimal process 
design may be formulated as 
Among the set of design variables d satisfying the constraints, 
*,- = * , ( s , d ) = 0, i=\,...,p (19) 
*, = * , ( s , d ) < 0, i=p+\,...,q (20) 
and the finite element equations, 
h(s , d) = 0 (21) 
find the set which minimizes an objective function \&„(s, d). 
The design practices associated with bimetal extrusion are 
mostly focused on the prevention of defects such as slipping at 
the interface and core or sleeve fracture. Therefore, selection of 
an objective function should reflect this aspect of the problem. 
While it would be difficult to control interface slip, especially 
when data regarding the interfacial bonding strength of a given 
preform is not available, sufficient mechanical bond may be 
achieved if cladding operations such as hydrostatic extrusion 
can be performed prior to subsequent extrusion, as noted in the 
reference [15]. It is in this regard that perfect bonding was 
assumed between the sleeve and the core in this investigation. 
It is the harder material which usually fractures during extru-
sion. When the core is harder than the sleeve it tends to undergo 
lower reduction than the sleeve. If the core receives lower reduc-
tion, the core elongates less than the sleeve. As a result, the 
sleeve exerts a tensile load on the core that may lead to core 
fracture. Considering that the exit velocity of the sleeve and 
that of the core cannot be identical if one of the two components 
undergoes lower reduction, an objective function may be se-
lected as 
* „ = 1 (uz — uz)2dT (22) 
N o m e n c l a t u r e 
\-,B = material constants, VlC = AkB 
d = design variable vector 
/; = body force 
k = shear yield stress 
1' = design sensitivity vector of <&, 
I] = y'th component of I' 
m' - constant shear friction factor 
n, = unit normal vector at tool-work-
piece interface 
p = hydrostatic pressure 
r = coordinate in the radial direction 
s = state variable vector 
T = temperature 
Ui = velocity vector 
x = position vector 
z = coordinate in the axial direction 
6U - Kronecker delta 
T = effective strain 
e = effective strain rate 
iij = strain rate tensor 
elj = deviatoric strain rate tensor 
fj, = coefficient of Coulomb friction 
<Ty = stress tensor 
ay = deviatoric stress tensor 
*„ = objective function 
\P, = constraint function 
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where Te is the cross-sectional area of the extruded material, uz 
is the axial velocity, and (Tz is its mean value. 
In many cases, minimization of the forming load itself does 
not represent an important design goal of extrusion. However, 
it reveals some favorable effects on the process and the product 
in the case of extrusion of a homogeneous material, as illustrated 
in the references [11, 12]. The main advantage of using the 
dies minimizing the forming load lies in achieving required 
reduction with the consumption of the least amount of friction 
energy plus redundant energy, resulting in homogeneously de-
formed products. Other advantages were found to be smooth 
metal flow, reduction in peak die pressure, and suppression of 
bending and twisting of the product. Considering that these 
aspects are also crucial in extrusion of bimetallic preforms and 
may become primary concerns of a designer when the given 
process conditions are not severe enough for him to be forced 
to concentrate only on avoiding fracture, an objective function 
also tested in this investigation was the forming load. An expres-
sion of the forming load as a function of s and d, when the 
penalty rigid-viscoplastic finite element method is employed, 
can be derived from 
*„ = I £(«„ - u„)dT 
Tc: punch area (23) 
A design constraint associated with bimetal extrusion may 
be derived from the fact that the interface must coincide with 
one of the stream lines or the rate of flow through the interface 
must be zero. For extrusion of a rod, this may be mathematically 
stated as 
iX-i-ty-* i = 1, 2, (24) 
where /, denotes the ith element boundary comprising a part 
of the interface. Apparently, Eq. (24) represents the equality 
constraints defined by equation (19). 
Design Model 
Prior to the determination of an optimal die shape, we need 
to describe an arbitrary die shape by a mathematical model and 
derive independent design variables from the model. The design 
variables will then be optimized so as to result in an optimal 
die shape. The model selected for this investigation is a cubic 
spline curve with five subintervals, which may be expressed as 
y(x) = 
gi(Xi+i - X)




(*1+, - x) + 
h. 6 
(x-x,) (25) 
for the interval xt < x < xi+1, where hi = xi+( - x,, y,- = y (*,•), 
and gt = y"(jc,). The values of gi can be determined by the 
condition of C1 continuity of y at the data points (xt, y,), <' = 
1, 2 , . . . , 6. Therefore, the values of x/ and y, may be regarded 
as the design variables defining the die shape. They were repre-
sentedas d, - du in Fig. 1(b). 
The formulation of the present optimization problem also 
requires a mathematical model for the description of the inter-
face and subsequent derivation of the design variables. As men-
tioned previously, the interface may be approximated as the 
collection of the element boundaries located between the two 
materials. In such a case, the interface is defined if the coordi-
nates of the nodal points on such element boundaries are given, 
and it suffices to regard them as the design variables. Figure 
1(a) illustrates a typical finite element layout used for simula-
tion of metal flow. The design variables defining the interface 
in accordance with the finite element layout were represented 
in Fig. 1(b) as dn - d44. 
Design Sensitivity 
Every iterative algorithm for solving an optimal design prob-
lem requires design sensitivities of objective and constraint 
functions, i.e. derivatives of the objective and constraint func-
tions with respect to design variables. In order to determine the 
design sensitivities, consider <5\I>;, linear approximations to the 
changes in ty (s, d), i = 0,1, 2 , . . . , 0 due to the small changes 
in the state and design variables. The linear approximations Sty, 
at (s°, d°) are: 
<5*,[s°, d°] ^ [ S ° , d ° ] f e + ^ r [ s ° , d ° ] 6 d (26) 
as da 
where d" is a current design during design iterations, and s" 
(a) 
di d»w d« d) di fc 
Fig. 1 A typical finite element mesh used (a), and the design variables (b) 
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( START) 
Initial guess of design variables 
Finite element simulation 
Correction of the shape of the interface 
Calculation of the objective function 
Calculation of design sensitivities 
Update the design variables 
( STOP ) 
Fig. 2 Optimization procedure 
represents the state variables corresponding to d". The function 
values are evaluated at the points defined by the variables in 
the brackets. 
Since h(s°, d") = 0 and <5s and <5d are to satisfy the equation 
h(s° + <5s,d° + <5d) = 0,the linearized version of this condition 
is: 
J<5s + ^ Sd = 0 
dd 
(27) 
Table 1 Combinations of the core and sleeve material selected for the 
investigation 
S/C = Ae B 
CASE A B 
CASE a 
Sleeve 1.0 0.1 
Core 1.0 0.1 
CASEb 
Sleeve 1.0 0.1 
Core 1.0 0.3 
CASEc Sleeve 1.0 0.1 
Core 3.0 0.1 
CASEd 
Sleeve 1.0 0.1 
Core 5.0 0.1 
CASEe 
Sleeve 1.0 0.1 
Core 8.0 0.15 
where the Jacobian matrix J = <9h/<9s[s°, d°] is identified as 
the stiffness matrix to be formed when the Newton-Raphson 
method is applied to solve the finite element equations. One 
could solve Eq. (27) to obtain: 
ad 
(28) 
Substituting Eq. (28) into Eq. (26), to write all terms explicitly 
in terms of <Sd, one obtains: 
6% = 
8% , Oh d% 
os dd + dd 
Sd. (29) 
To avoid an explicit inverse of J, define the adjoint variable 
vectors A.', i = 0, 1, 2, . . . , 0, as solutions of the following 
adjoint equations: 
r^ = M Jr\' = 
ds 
Substituting Eq. (30 ) into Eq. ( 2 9 ) , one has: 
<5*,. = l''r<5d 
(30) 
(31) 
where 1', i = 0, 1, 2, . . . , f3 are the design sensitivity vectors 
and evaluated at (s°, d°) from 
r = dd dd V (32) 
In general, the functions *„ , \]/, and h are sufficiently com-
plex to preclude analytical evaluation of the derivative with 
respect to d. Therefore, a finite difference scheme was em-
ployed, in which their partial derivatives with respect to d are 
calculated approximately by: 
df, / , ( s B , d ' + Adje^-fijs", d") 
ddj Adj 
(33) 
where a unit vector e' has a one in they'th position and zeros 
elsewhere and Adj,jth component of step size vector Ad, is a 
small perturbation in ds. 
Optimization Algorithm 
Being equipped with the capability for performing finite ele-
ment simulation and evaluating the design sensitivities by a 
suitable method such as one described above, a procedure for 
optimization may be developed, as illustrated in Fig. 2. The 














r i r 1 r .... casebX 
3/C = 1.0tC' 
sleeve case a (core material = sleeve materia!) 
10 15 20 25 
Fig. 3 The flow stress characteristics of the core and sleeve materials 
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Fig. 4 A conical die (die length = 30 mm) and the resulting effective strain 
rate (a) and shear stress (<r„) (fa) distributions predicted for case e 
Fig. 6 A die shape optimized so as to produce uniform velocity distribu-
tions in the extruded material for case e and the resulting effective strain 
rate (a) and shear stress (<r,z) (b) distributions 
describing the die shape as well as the interface. The details of 
the steps involved in the procedure may be given as follows: 
Step (1) Finite element simulations are conducted in an itera-
tive manner, changing the shape of the interface at each iteration 
so as to satisfy the constraints defined by Eq. (24), until the 
solution is converged with regard to the shape of the interface. 
Step (2) The objective function as well as the design sensitiv-
ity of the objective function and constraints are evaluated, based 
on the results of finite element simulation. 
Step (3) The design variables are updated on the basis of the 
design sensitivities. A search scheme applicable to the determi-
nation of an extremum point under the presence of constraints, 
such as the gradient projection method, may be used for this 
purpose. 
Steps 1 - 3 are repeated until the minimum value of the objective 
function is achieved. A decision may be made regarding the 
achievement of the minimum value by checking the conver-
gence of the norm of the design variables. 
4000 
28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 
Die Length 
,.,L 
1 25 30 36 41 47 53 61 70 79 90 100 
No. of Design Iteration 
Fig. 5 Variation of the value of the objective function and die length 
with the number of design iteration conducted for die shape optimal 
design. The objective function is a measure of uniformity in the axial 
velocity distributions along the cross section of the product. 
Results and Discussion 
The process conditions selected for this investigation are 
given in the following: 
diameter at the entry side of the extrusion die = 60 mm 
diameter at the exit side of the extrusion die = 40 mm 
reduction ratio = 55.6 percent 
diameter of the core at die entry = 40 mm 
volume fraction of the core = 44.4 percent 
punch speed = 100 mm/ sec 
interface friction between the die and material: \JL = 0.1 (Cou-
lomb friction) 
240 
Fig. 7 Axial velocity distributions at the die exit and in the product, 
predicted for case e 
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case b 
Fig. 8 Optimal die shapes minimizing the forming load and the resulting 
effective strain rate distributions 
The investigation was conducted for some selected combina-
tions of the core and sleeve materials. It was assumed that both 
materials are rate dependent, as defined by the expression 
alC = AiB. The combinations, described by cases a — e in 
Table 1, include the cases where there is a difference in B value 
between the core and sleeve material (cases a and b), and also 
the cases where there is a difference in A value (cases c and 
d). In every case, the flow stress of the sleeve material was 
assumed to be a/C = 1.0k0A. Characteristics of the flow stress 
of each material are shown in Fig. 3. 
Finite element simulation of extruding a bimetallic preform 
with a conical die (die length = 30 mm) revealed that, when 
the combination of the material defined by case e was consid-
ered, axial velocity gradients appeared across the cross section 
of the extruded material, as may be deduced from the strain 
rate distributions shown in Fig. 4 (a ) . Such a deformation mode 
is unacceptable, since core fracture will possibly take place, 
due to a large tensile force created by the interface shear stresses 
action all the way along the sleeve-core interface of the extruded 
material, as seen in Fig. 4(b). Apart from fracture, deformation 
of the sleeve material after passing the die exit should be 
avoided, since shape defects such as piping may result. Reduc-
ing or eliminating the possibility of fracture is far more im-
portant than any other design goals. Accordingly, the objective 
function tested for the present case was a measure of uniformity 
in the axial velocity distributions over the cross section of the 
extruded material, as defined by Eq. (22). 
Design iteration was conducted, using an arbitrary chosen 
die shape (die length = 30 mm) as an initial guess. Computation 
consumed approximately 90 CPU seconds per each iteration, 
on Hewlett-Packard 735 Workstation. As shown in Fig. 5, the 
value of the objective function continuously decreased as the 
die length increased during the design iteration, implying that 
the die should be infinitely long to achieve the minimum value 
of the present objective function. While an infinitely long die 
is impractical, the rate with which the value of the objective 
function decreases with increasing die length during the design 
iteration was so fast that it became sufficiently close to zero 
after a small increase in the die length from its initial value. 
Such convergence characteristics seem beneficial in the sense 
that a designer may choose a die shape among many possible 
optimal die shapes with various die length. In this investigation, 
the design iteration was manually terminated when the die 
length reached 40.8 mm. The die shape thus obtained and the 
strain rate and shear stress distributions are shown in Fig. 6. 
The sleeve material ceased to deform after it passes the die exit, 
resulting in complete elimination of the interface shear stresses 
in the extruded material. Fig. 7 illustrates improved uniformity 
of the axial velocity distributions resulting from extrusion with 
the optimal die, as compared to extrusion with the conical die. 
' f ^ S 
•^ rrcs 
/--—/./ 1 o.flfi 
O.ll 0.4 
f T t ^ I o.s 
O.fl U.u\ 0,35 
0.11 0.4 
( /^ \ \< s r^-^JJA 0.98 
0.6 
' TV V I V_ °'9 
o.a\ o.B5 
case b 





Fig. 9 Optimal die shapes minimizing the forming load and the resulting 
effective strain distributions 
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case b 
\ V\ \r [M 
J \ *^>—JZl 10 
01 0.4 / o.(/ U!H mr. 
( <^~^ 0fl 
case d 
Fig. 10 Optimal die shapes minimizing the sleeve forming load and the re-
sulting effective strain distributions 
Such a favorable deformation pattern cannot be achieved by 
simply increasing the die length of the conical die, as confirmed 
by the results of simulation with a conical die having the same 
die length as the optimal die. 
For cases a-d, the axial velocity distributions across the 
cross section of the extruded material predicted from the finite 
element simulation with the conical die were uniform, indicating 
that the process conditions were not severe enough to place the 
designer's main concern on prevention of fracture. Therefore, 
the objective function tested for these cases was the forming 
load as defined by Eq. (23), hoping that it would bring to a 
die shape which would be desirable in terms of homogeneity 
of deformation and smooth metal flow as it did in extrusion of 
homogeneous preforms. Figure 8 shows the optimal die shapes 
as well as strain rate distributions in the deforming zones for 
cases a-d. Examining the cases b, c, and d, it is seen that the 
die length decreases and the optimal die contour changes from 
a convex to a concave shape, as the flow stress of the core 
material increases. It is also seen that the peak strain rate in the 
sleeve remarkably increases while that in the core is relatively 
little affected, as the flow stress of the core material increases. 
For case d, the deformation zone considerably stretched beyond 
the die exit, indicating that the set of the process conditions 
associated with this case closely represents the limit of the 
moderate process conditions for which the forming load can be 
applied as an objective function. 
Figure 9 shows the effective strain distributions in the prod-
ucts. Cases a and b reveal excellent results in terms of overall 
homogeneity of deformation in the product, but the results are 
not satisfactory for cases c and d involving harder core materials 
because there appeared very high strains in the sleeve material. 
It may be deduced that for cases c and d minimization of the 
total forming load was accomplished mostly through controlling 
the deformation pattern of the core material so as to minimize 
the fraction of forming energy consumed to extrude it, since that 
is much greater than the fraction of forming energy consumed to 
extrude the sleeve material. Consequently, deformation of the 
sleeve was not so much controlled as adjusted to deformation 
of the core, leading to poor deformation homogeneity. 
An objective function subsequently tested was the sleeve 
forming load, which is defined by the force exerting on the 
sleeve-punch interface only. The selection was made since it 
would enable optimization to be accomplished at least partly 
through control of deformation pattern of the sleeve material. 
The die shapes thus obtained and the resulting effective strain 
distributions for cases a-d are shown in Fig. 10. Comparing 
with Fig. 9, the sleeve forming load as an objective function 
did result in better deformation homogeneity than the total form-
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ing load, especially in cases c and d where the difference be-
tween the flow stresses of the sleeve and core was greater. It is 
to be noted that the optimal dies were markedly different from 
those obtained previously in their die length and in that their 
contours are all convex-shaped, demonstrating the sensitivity 
with which the optimal die shape varies with the choice of the 
objective function. 
Concluding Remarks 
A finite element-based approach was proposed for optimizing 
the die shapes for bimetal extrusion of rate-dependent materials. 
The main merit of the present approach lies in that the effect of 
various process variables such as friction, punch speed, volume 
fraction of the core, and the flow stress characteristics of the 
sleeve and core materials are reflected on the design in the most 
rigorous manner, and the predicted optimal solution is exact in 
the context of the finite element method and the design model 
employed. 
The objective functions considered in this investigation were, 
a measure of uniformity in the axial velocity distributions along 
the cross section of the product, and the forming load. It was 
shown that the former is effective in searching a die shape 
which would reduce or eliminate the possibility of fracture when 
the process conditions are too severe to avoid fracture easily, 
by using a conical die, for example. The latter was applied for 
trie cases involving moderate process conditions. It was shown 
that the total forming load as an objective function is not always 
effective in bimetal extrusion, as far as overall homogeneity of 
deformation is concerned. It was also shown that selecting a 
portion of the forming load as the objective function, instead 
of the total forming load, can lead to better consequences in 
terms of deformation homogeneity. 
The present investigation demonstrates that the effectiveness 
of an objective function selected for the die shape optimal de-
sign and the resulting die shape depends upon the given process 
conditions, especially upon the material combination. There-
fore, it seems sometimes necessary for a designer to test several 
objective functions, followed by examination of the metal flow 
characteristics, before making a decisive conclusion regarding 
his design. It is expected that the present approach can provide 
an effective methodology for making such an effort toward 
successful forming in bimetal extrusion. 
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